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Abstract. The purpose of this paper is Lo stady various geomeloe properd
manifold admitting Schouten-van IKampen connection. A uniepue relabio ooy
of Schouten-van Kampen connection and Levi-Civita connection have Lerr i o

quasi-conformally flat. as well as conformally flat (¢ )-Kenmotsa manifold

van Kampen connection.  Morcover, it is shown that a dconlormally flai (o) Fe
with respect to Schouten-van Kampen connection s an g Fanstein anfold M
Kenmotsu manifold with respect to Schouten-van Kampen connection saialving €702 7

C*(&,U).S" =0, where C°, R*, §7 arc conformzl curvature tensor. Ricrannian corvain:
Ricci tensor with respect to Schouten-van Kampen connection respectively
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1. Introduction. The study of manifolds with indefinite merrics s of Loeres S
the standpoint of physics and relativity. In 1969, Takahashi (1969) introdiced -
contact metric manifold which is endowed with indefinite metries and

a Sasakian manifold M@+ 5 > 1 is complete. simply connecred and

d-sectional curvature x #-3, then it is D-homothetic to the model space 5.7
Sasakian manifolds, where 2s = ‘Sig ¢’ il x > —3 and 2s = 2n - "Si f & & —3
(Bejancu and Faran, 2006). Manifolds with indefinite metrics have beer e
several authors. In 1993, Bejancu and Duggal (Bejancu, Duggal, 1993) introduced toe

concept of (€)-Sasakian manifolds and Xufeng and Xiaoli (1998) established that th
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manifolds are real hypersurfaces of indefinite Kahlerian manifolds. In 1972, Kenmotsu
(1972) studied a class of almost contact Riemannian manifold and introduced Kenmotsu
manifold.  De and Sarkar (2009) introduced (¢)-Kenmotsu manifolds and studied
couformally flat, weyl semi-symmetric, ¢-recurrent (¢)-Kenmotsu manifolds. (e)-
Kenmotsu manifolds have been studied by Singh et al. (2014), Prakasha, Malingappa
and Mirji (2016), Venkatesha and Vishnudharan (2017), Haseeb and De (2019), Pandey
et al. (2019) and many other. The notion of almost paracontact structure (¢,€,m) on
a differentiable manifold was introduced by 1. Sato (1976, 1977). In 1985, Kaneyuki
and Kozai (1985) introduced a class of affine symmetric spaces, called parahermitian
symmetric spaces, a paracomplex analogue of hermitian symmetric spaces. They
gave the infinitesimal classification of parahermitian symmetric spaces with semi-
simple automorphism groups, upto paraholomorphic equivalences. Paracontact metric
manifolds have been studied by several authors (Dacko, 2004, Montano, Erken and
Murathan,, 2012 and Welyezko, 2012).

The notion of Schouten-van Kampen connection have been introduced in the third
decade of last century for the study of non-holomorphic manifold (Schouten and Van
Kampen, 1930 and Vrinceanu, 1931). Schouten-van Kampen connection is one of the
most natural connection on differentiable manifold endowed with an affine connection
(Bejancu and Faran, 2006). In 2006, Bejancu (2006) studied some properties of
Schouten-van Kampen connection on foliated manifold. After that Olszak (2013)
studied Schouten-van Kampen connection on almost contact metric structure and
showed some interesting results. Schouten-van Kampen connection is defined by
(Schouten and Van Kampen, 1930)

VixY = VxY —n(Y)Vxt — (Vxn)(Y)E, (1.1)
forall X, Y, Z € x(M).

Hermann Weyl tried to unify electromagnetism and gravitation, this attempt was
carried out in 1919 (Weyl, 1919), however this attempt failed, but Weyl introduced a

new principle of invariance in his theory, a scale change of the metric tensor given by

g=e%yg,

where g, e, § are metric tensors on the manifold A™ and w = w(z) is a real function.
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This principle Intor evolved through Quantum field theory being known as gauge
invarinneas (Jnckson and Okun, 2001). A scale change of the metric tensor is classified
i conformal transformation in Riemannian geometry leading to the Weyl conformal

Lensor (Wytler Cordeiro dos Santos, 2020]. The expression for the conformal cun-ature

L

=

Lensor on a Ricmannian manifold is given as

i 2 9(Y, Z)QX — g(X, Z)QY + SY.Z)X

C(X,\Y)Z = R(X,Y)Z - (

~8(X,Z)Y] + (Y. 2)X — g(X,2)Y). (12

N
(n=1)(n—2)
forall X, Y, Z & X(M"), where S and @ denotes Ricei tensor and Ricei operator
respectively and 7 is the sealar curvature Lensor.

The conformal curvature tensor on (e)-Kenmotsu manifold with respect to Schouten-

van Kampen connection is as follows

*(X,Y)Z = R*(X,Y)Z - Z,-l]_—m[g(}’, Z)Q*X — g(X, Z)Q"Y + 5*(Y. Z)X

~8*(X, 2)Y) oo )[g(Y‘ Z2)X —9(X,2)Y)],  (1.3)

7
—1)(n -
forall X, Y, Z ¢ x(M"), where C*, R* S*, @* and r* denotes the conformal curvature
tensor, Riemannian curvature tensor, Ricci tensor, Ricci operator and scalar curvature
tensor with respect to Schouten-van Kampen connection respectively.

DEFINITION 1.1 An n-dimensional (€)-Kenmotsu manifold M™ is said to be n— Einstein
manifold if the Ricci tensors S is of the form S(X,Y) = ag(X.Y) + p(X)nQY). for
all X, Y € x(M), where a and b are scalars.

DEFINITION 1.2 An n-dimensional (¢)-Kenmotsu manifold M™ is said to be an
Einstein manifold if the Ricci tensor is of the form S(X,Y) = ag(X,Y). where a
is a scalar function.

2. (e)-Kenmotsu Manifolds. An n-dimensional smooth manifold (M. g) is
called an (g)-almost contact metric manifold if

$’X = —X +n(X)¢

n(§) =

~ o~
[ i) [3V]
N s

co\\°9° )
Tuls! our
Govt " L AnupP
oistt:

Jaithari Road Anuppur, District- Anuppur, Madhya Pradesh, Pin Code:- 484224 www.gtcanuppur.ac.in



mailto:hegtdcano@mp.gov.in

Affiliated to Awadhesh Pratap Singh University Rewa (MP)
Registered Under Section 2 (F) & 12 (B) of UGC Act

M
; ‘% OFFICE, PRINCIPAL GOVERNMENT TULSI COLLEGE, ANUPPUR

S
E-mail: hegtdcano@mp.gov.in @) 9893076404
770 BABLOO KUMHAR, GITESHWARI PANDEY, S.K. MISHRA, B.N. SINGH
9(&,€) =¢, (2.3)
n(X) = eg9(X, €), 249
9(¢X, ¢Y) = g(X,Y) — en(X)n(Y), (2:5)

where € is 1 or —1 according as ¢ is space-like or time-like and rank (¢)=n-1.
It is important to mention that in the above definition € is never a light-like vector

field. If
dn(X,Y) = g(X,$Y) (2.6)

for every X, Y € TM™, then we say that M7 is an (€)-contact metric manifold. Also,

$¢ =0 and nog = 0. 2.7
If an (e) contact metric manifold satisfies
(Vx¢)(Y) = —g(X, ¢Y)E — en(Y )X, (2.8)

where V denotes the Riemannian conmnection, then M is called an (e)-Kenmotsu

manifold (De and Sarkar, 2019). An (¢)-almost contact metric manifold is an (e)-

Kenmotsu manifold if and only if

Vx§ = e(X —n(X)E). (2.9)
In an (e)-Kenmotsu manifold, following relations hold
(Vxn)(Y) = 9(X,Y) — en(X)n(Y), (2.10)
R(X,Y)¢ = n(X)Y — n(Y)X, (2.11)
R X)Y =n(Y)X — eg(X,Y)E, (2.12)
R(&,Y)Z = —(Z)X + eg(X, Z)E, (2.13)
S(X,&) = —(n—1)n(X), (2.14)
(2.15)

S(¢pX,9Y) = S(X,Y) + e(n— L)n(X)n(Y).

PRtN Anupp"'
LT i Colled”,
Gov 0\ {\'\\—pc

Jaithari Road Anuppur, District- Anuppur, Madhya Pradesh, Pin Code:- 484224 www.gtcanuppur.ac.in



mailto:hegtdcano@mp.gov.in

£ o A OFFICE, PRINCIPAL GOVERNMENT TULSI COLLEGE, ANUPPUR

‘ ’ “\"b Affiliated to Awadhesh Pratap Singh University Rewa (MP)
o.~.’- = Registered Under Section 2 (F) & 12 (B) of UGC Act

E-mail: hegtdcano@mp.gov.in

@) 9893076404

(6) I\ENl\dO SU F() D ~ - ST TION 7 7]
5 MANI Al)]\/[[l 'IN T -V, PIEN CON
L
D NECTI

The Schouten-

. vVan Kampen ¢ s
1s defined by Pex connection (Zamkovoy, 2008) on an

(€)-Kenmotsu manifold

(V*xY) =¥ 4. 9(X,Y)¢ — en(v) X. (2.16)

(€)-Kenmotsu Manifold Admitting Schouten-

van Kampe onnectio \ an d
n C cti
n. The ature te i i
1€ curvature tensor R* of Riemanni 1anifold A7

with respect to Schouten-van Kampen connection V* s given by

R*(X,Y)Z = v* * - * *
where V* is the Schoiten-\fan K'l,vm:){e: c}(/)fnec:o: vI X'Z or 'Z’ o
) bt o e - 1 view of equation (2.16), equation

R'(X,Y)Z = R(X,Y)Z + €[g(Y, 2)X - g(X, Z)Y], (3.2)
where

R(X,Y)Z = VxVyZ - VyVxZ — VixyZ, (3.3)

is the Riemannian curvature tensor of Levi-Civita connection V.

Here equation (3.2) is the relation between Riemannian curvature tensor with
respect to Schouten-van Kampen connection V* and Levi-Civita connection V.

Transvection of V in equation (3.2), gives
RY(X,Y,2,V) = R(X,Y, Z,V) + €[g(Y, Z)g(X, V) —9(X, Z2)g9(v, V)], (3.4)

where
R'"(X,Y,Z,V) = g(R*"(X,Y)Z, V)

and
R(X,Y,Z,V) = g(R(X,Y)Z,V).

Putting X = V = e; in equation (3.4) and taking summation over i, 1 < 7 < n, we get

S*(Y,2) = S(Y,2Z) + e(n — 1)g(Y, 2), (3-5)
where S* and S denotes the Ricci tensors with respect to the connections V* and V
respectively. Again putting ¥ = Z = e; in equation (3.6) and taking summation over

i, 1 <7< n, we get
™ =7 +en(n—1), (3.6)

where r* and 7 denotes the scalar curvatures with respect to connections V* and V

respectively.
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